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Meshless discretization

Cloud of points : C
Bondary nodes ∂C ⊂ C

∂C

C

Meshless operators :

Nodal volume quadrature : �
ˆ
C
f =

∑
i∈C

Vifi

Boundary quadrature :
“

∂C
f =

∑
i∈∂C

fiΓi

Meshless gradient : Vi�if =
∑

j∈N (i)
Ai,jfj


�

SPH
i f =

∑
j

Vj∇W (xj − xi)fj

�
R0
i f =

∑
j

Vj∇W (xj − xi)(fj − fi)

�
R1
i f =

∑
j

Vj Bi∇W (xj − xi)(fj − fi)

�
MLS
i f = MLS interpolation at xi
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A dual operator

Integration by parts formulaˆ
Ω
f∇ · v + v · ∇f dV =

ˆ
∂Ω
fv · dS

Discrete counterpart : definition of a dual gradient �∗

�

ˆ
C
f� · v + v ·�∗f =

“
∂C
fv

Explicit formula for the dual gradient

Vi�
∗
i f =

∑
j∈N (i)

(−Aj,i + δi,jΓi)fj
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Plug & play discretization of diffusion equation

Continuous weak formulation
Find u ∈ H1(Ω) such that :

ˆ
Ω
∇u · ∇v =

ˆ
Ω
sv ∀v ∈ H1

0(Ω)

u|∂Ω = u0

Discrete weak formulation
Find u : C → R such that :�

ˆ
C
�u ·�v = �

ˆ
C
sv ∀v : C\∂C → R

u|∂C = u0
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Linear patch test

Equivalent nodewise formulation
Find u : C → R such that :{

−�∗i ·�u = si ∀i ∈ C\∂C
u|∂C = u0

Necessary conditions for the linear patch test
�x = Id

�
∗1 = 0

⇔ Discrete Stokes formula : �

ˆ
C
�u =

“
∂C
u
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Compatibility recovery : correction

Corrected gradient

�
c
iu = �iu+

∑
j∈N (i)

µi,j(uj − ui −�iu · (xj − xi))

Correction preserves linear consistency :

∀µi,j , �x = Id ⇒ �cx = Id

Correction equations
Solve �c∗1 = 0 for µi,j given �
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A diffusion test case

−0.8

−0.6

−0.4

−0.2

0.0
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0.8

Halton sequences

s = 20π2 sin(2πx) sin(4πy)
u = sin(2πx) sin(4πy)
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h-convergence analysis

10-3 10-2 10-110-3

10-2

10-1

100

101

h

‖unum − uexact‖
Non-corrected

‖unum − uexact‖ ∝ h0.45

Corrected
‖unum − uexact‖ ∝ h1.77

�
R1
i f = −

∑
j∈C

VjBi∇Wh(xj − xi)(fj − fi)

B−1
i = −

∑
j∈C

Vj∇Wh(xj − xi)(xj − xi)T
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Direct correction : pros and cons

, Pros
We recover almost second order convergence

/ Cons
An additional global linear system to solve

... every timestep !

No explicit formula for the gradient
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Approximate compatibility

10-3 10-2 10-1
10-3

10-2

10-1

100

101

h

‖unum − uexact‖ ‖�∗1‖ ≤ 50
‖�∗1‖ ≤ 20
‖�∗1‖ ≤ 10
‖�∗1‖ ≤ 5
‖�∗1‖ ≤ 2
‖�∗1‖ ≤ 1
‖�∗1‖ ≤ 0.5
‖�∗1‖ ≤ 0.2
‖�∗1‖ ≤ 0.1

Observation : Keep ‖�∗1‖ = O(1) instead of the usual ‖�∗1‖ = O(h−1)
⇒ recover almost second order convergence !
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Another idea :

Go from :

0.0 0.2 0.4 0.6 0.8 1.0

0.0

0.2

0.4

0.6

0.8

1.0

‖�R1∗1‖ ≈ 36.3

To :

0.0 0.2 0.4 0.6 0.8 1.0

0.0

0.2

0.4

0.6

0.8

1.0

‖�R1∗1‖ ≈ 1
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h-convergence for the diffusion equation

10-3 10-2 10-110-3

10-2

10-1

100

101

h

‖unum − uexact‖ ‖�∗1‖ ≤ 100
‖�∗1‖ ≤ 50
‖�∗1‖ ≤ 30
‖�∗1‖ ≤ 10
‖�∗1‖ ≤ 5
‖�∗1‖ ≤ 3
‖�∗1‖ ≤ 1
‖�∗1‖ ≤ 0.5
‖�∗1‖ ≤ 0.3

�
R0
i f = −

∑
j∈C

Vj∇Wh(xj − xi)(fj − fi)

�
R0
i x 6= Id
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Playing with node coordinates

What does it mean ?

Statics ⇒ A gradient-specific "remeshing" procedure

Dynamics ⇒ A gradient-specific ALE source term

The idea is not new !

XSPH (Monaghan)

Background pressure

Transport-velocity formulation [Adami 2013]

Fickian-based shifting [Lind 2011]
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Background pressure and equivalents


mi

dvi

dt = fi

dxi

dt = vi

−ViαPu�
∗
i 1
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The simplest example

Classical and renormalized SPH of order 0

Vi�
SP H∗
i 1 = 1

2Vi�
R0∗
i 1 = Vi�

SP H
i 1 = −

∑
j∈N (i)

ViVj∇W (xj − xi)

Constant quadrature : Vi independent of (xj)j∈C

Vi�
SP H∗
i 1 = ∂

∂xi
Vtot

Vtot =
∑

k

Vk

∑
j

VjW (xj − xk)

= �
ˆ
C
< 1 >
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Density-based nodal quadrature

Density-based nodal quadrature

Vi = 1∑
j W (xj − xi)

Vi�
Adami∗
i 1 = −

∑
j∈N (i)

(V 2
i + V 2

j )∇W (xj − xi) [Adami 2013]

= ∂

∂xi
Vtot

Vtot =
∑

k

Vk = �
ˆ
C

1
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Background pressure and compatibility

ALE source term
dxi

dt = −γVi�
∗1

L((xi)i∈C) = −Vtot

Background pressure
dvi

dt = −αvi − γVi�
∗1

dxi

dt = vi

L((xi,vi)i∈C) = 1
2

∑
i

‖vi‖2 − γVtot

⇒ Convergence towards a node distribution where
∂L
∂xi

= Vi�
∗
i 1 = 0
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The simplest dynamic problem : advection

dxi

dt = v(xi) ∀i ∈ C\∂C

0.0 0.2 0.4 0.6 0.8 1.0

0.0

0.2

0.4

0.6

0.8

1.0
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Taylor-Green
vortices
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Approximate advection


dxi

dt = v(xi)− ci ∀i ∈ C\∂C
ci = γ�∗SPH1
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Approximate advection


dxi

dt = v(xi)− ci ∀i ∈ C\∂C
ci = γ�∗SPH1

The ALE speed
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Influence of h

10-3 10-2 10-110-1

100

101

102

103

h

‖�SPH∗1‖
γ = 0.3
γ = 0.1
γ = 0.03
γ = 0.01
γ = 0.003
γ = 0.001
γ = 0

‖�SP H∗1‖ ∝ h0.35
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Influence of parameter γ
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Influence of parameter γ
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Scaling of parameters

‖�SP H∗1‖ ∝ h0.35γ−0.65

‖c‖ ∝ h0.35γ0.35

γ = O(
√
h) ⇒

{
‖�SP H∗1‖ = O(1)

‖c‖ = O(
√
h)
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Fick-based diffusion [Lind 2011]

10-3 10-2 10-110-1
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‖�R1∗1‖
γ = 0.3
γ = 0.1
γ = 0.03
γ = 0.01
γ = 0.003
γ = 0.001
γ = 0


dxi

dt = v(xi)− ci ∀i ∈ C\∂C
ci = γ�∗SPH1

... then uses �R1 for Poisson equation !
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Summary and future work

Summary

Re-interpretation of several background-pressure like
procedures within an operator framework

Proved convergence of the method to compatible steady state
for several existing gradient

We proposed a proper scaling for the parameter of the method

Ongoing and future work

Clarify the role of volume related functionals
Extend methodology to handle other boundary treatments
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The End

Thanks for your attention !

gabriel.fougeron@esi-group.com guillaume.pierrot@esi-group.com

denis.aubry@ecp.fr
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